Abstract-We explore in this paper code division multiple access systems with multiple transmitter and receiver antennae combined with algebraic constellations over a quasi-static multipath fading channel. We first propose a technique to obtain transmit diversity for a single user over quasi-static fading channels by combining algebraic constellations with full spatial diversity and spreading sequences with good cross-correlation properties. The proposed scheme is then generalized to a multiuser system using the same algebraic constellation and different spreading sequences. We also propose a linear multiuser detector based on the combination of linear decorrelation with respect to all users, and the application of the sphere decoder to decode each user separately. Finally, we consider the generalization to multipath fading channels where the additional diversity advantage due to multipath is exploited by the sphere decoder, and a method of blind channel estimation based on subspace decomposition is examined.
I. Introduction R ECENTLY, many works have been accomplished on signal processing and modulation techniques for transmit diversity over fading channels in order to exploit the large capacity available in a multi-antenna system [1] [2] [3] [4] [5] . Transmit diversity appears as a powerful tool to combat the impairments of wireless channels. Alamouti proposed in [1] a space-time (ST) code for two transmitter antennae and two symbol periods. The Alamouti scheme [1] has a normalized rate of 1 symbol/sec and an optimal linear processing decoder. Tarokh et al. [2] gave the construction criteria of ST codes, and proposed some examples of trellis ST codes satisfying the proposed criteria. The generalization of the Alamouti scheme to more than two transmitter antennae was done by Tarokh et al. in [3] where ST block codes from orthogonal design were given. Due to their orthogonal structure, the maximum likelihood (ML) decoding of these codes can be implemented by a linear decoder [3] .
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Engineering, University of Alberta, ECERF, W2-073, Edmonton, AB, T6G 2V4, Canada. E-mail: damen@ee.ualberta.ca On the other hand, the conjunction of code division multiple access (CDMA) and ST codes is a very interesting approach to combat the impairments of the wireless multiuser channels. For example, a modified version of the Alamouti scheme [1] has been proposed by Texas Instruments [6] for the universal mobile telecommunications system (UMTS) and the third generation wideband CDMA (3G W-CDMA) standards. In [7] and [8] linear minimum mean square error (MMSE) receiver of a CDMA system with multi-antenna was considered where each user has several transmitter antennae and can use either the same spreading sequence (SS) over all the antennae or a different one over each transmitter antenna; however, the schemes proposed in [7] , [8] do not necessarily exploit the transmit diversity of the multi-antenna system [2] . In [9] , a transmit diversity technique based on ST block codes from orthogonal design [3] has been proposed for CDMA downlink with few transmit antennae at the base station, and one or two receive antennae at the mobile station. In [10] , a single user scheme is considered where the Hadamard orthogonal sequences [15] are combined with algebraic constellations which have the property of full spatial diversity [11] . The proposed schemes achieve the full transmit diversity with real or complex constellations and have a normalized rate of 1 symbol/sec [10] . The proposed ST codes in [10] outperform those in [3] for M > 2.
In this paper, we consider a CDMA system where each user has several antennae and by a proper combination of different SS and full spatial diversity algebraic constellations, the corresponding user achieves full transmit diversity [2] . The receiver has several receive antennae and uses a linear multiuser detector based on the combination of linear decorrelation with respect to all users, and the application of the sphere decoder [12] to decode each user separately. In a multipath fading channel scenario we present a method of blind channel estimation based on subspace decomposition. Furthermore, the sphere decoder profits from the additional diversity available in the system due to the presence of independent multipath. The paper is organized as follows. In Section II we present the system model. Section III provides some preliminary details on the advantages and targets of ST codes. Section IV treats the single user system; we give the ST codes construction, their properties and the decoding algorithm. The generalization to multiuser systems is given in Section V. Multipath fading channels are treated in Section VI. In Section VII we tackle the problem of blind channel estimation in a multi-antenna quasi-static fading environment. Simulation results are given in Section VIII. In Section IX we discuss the obtained results.
II. System Model
We consider a system of K users transmitting simultaneously and synchronously. Each user has p transmit antennae and uses p spreading sequences of length N . In this work, we only consider n = Kp ≤ mN (where m is the number of receiver antennae) [20] . We assume that all the SS are linearly independent, and denoted by:
where the superscript T denotes the transpose and s j (t), t = 1, . . . , N, denotes the spreading coefficient at time t. The user i uses the sequences 
III. Preliminary

A. Construction criteria of space-time codes
A ST block code maps an information symbol vector x to an n × l (n = Kp) matrix B(x) where b jt is transmitted from transmitter 1 ≤ j ≤ n at time 1 ≤ t ≤ l. In this work, we only consider linear ST block codes such that B(x + x ) = B(x) + B(x ). Let x and e be two distinct code sequences and denote by B(x, e) the ST block code taken over x − e. Under a quasi-static fading assumption, the ST block code B achieves full transmit diversity if the quantity δ = min det B(x, e)B H (x, e) 1/n = 0, where the minimum is taken over all distinct codeword pairs (x, e) [2] . This quantity is called the coding gain of the ST block code B [2] .
B. Algebraic constellations
Let a = [a 1 , . . . , a n ]
T denote the transmitted information symbols from the considered pulse amplitude modulation (PAM) or quadrature amplitude modulation (QAM), and let M n be an n × n rotation. Let x = [x 1 , . . . , x n ] T = M n a. The rotation matrix M n is chosen to maximize the minimum product distance defined as [11] 
with x = M n a, and x = M n a . We say that the resulting n-dimensional algebraic constellation has full spatial diversity if the associated minimum product distance d n,min is strictly positive. This is equivalent to saying that the components of vectors x and x (with a = a ) in the resulting constellation are all different, i.e. x i = x i ∀i. 
B. Example
Consider a single user system with two transmit antennae using the following SS of length 4 (K = 1, p = 2, N = 4)
The optimal 2 × 2 real rotation which maximizes d 2,min , M 2 , is given by [10] :
, with θ = 1.0172 radians.
T be the information symbol vector, then over two transmit antennae and 4 chip periods we transmit:
The i-th column of B(x) represents the transmitted signals at antenna 1 (first row) and antenna 2 (second row) at the i-th chip period.
C. Properties
Proposition 1: The proposed ST code in (3) over p transmit antennae and N periods of time has a transmit diversity gain of p.
Consider the ST code B(y) at the word y. Since M p generates a full spatial diversity constellation, one has y j = 0 ∀ j = 1, . . . , p and ∀a = b in the constellation considered. It follows that the matrix diag(y 1 , . . . , y p ) has a rank p and thus the ST code matrix B has a rank p over all the distinct codewords since the SS are linearly independent. This implies that the ST code has a transmit diversity gain of p.
2 Note that the coding gain depends on the crosscorrelation of the SS, and it is equal to [2] :
when the SS are assumed to take real values, which is the case in this work. The data rate of the proposed ST code is p/N symbol/T c , where T c denotes the duration of a chip. During N chip periods, the received signal at the k-th receiver antenna, k = 1 . . . m, is given by
where diag(h k ) = diag(h k1 , . . . , h kp ) is a diagonal matrix which has the fading coefficients of the k-th receiver antenna on its diagonal. The N × 1 vector ν k represents the additive white Gaussian noise (AWGN), and it is assumed to have independent components with variance σ
D. Decoding algorithm
We suppose here that the channel is known at the receiver. Channel estimation is addressed in Section VII. [16] . The decoding is performed as follows. 1. First, we multiply the received signal by S # at each receiver antenna
where ν k is a colored Gaussian noise with covariance ma-
. When the SS have good crosscorrelation properties, ν k can be approximated by a white Gaussian process. Otherwise, the signal r k needs to be whitened.
2. Next, we perform a channel phase inversion 1 at each receiver antenna, which can be expressed as
where h kj = |h kj |e iφ kj , with i = √ −1. 3. Finally, we collect the signals on all the receiver antennae
where H is an mp × p real-valued matrix of rank p. In order to take advantage of all the available information on all the receiver antennae we propose the following detection procedure based on singular value decomposition (SVD) followed by sphere decoding [12] :
• Apply the sphere decoder algorithm on the real and imaginary parts of r , in order to obtain transmitted symbol vector a.
The sphere decoder algorithm reaches the ML performance with a polynomial complexity 2 in p [12] , in the sense that it minimizes the least squares (LS) criterion
where A denotes the set of all symbol vector values. This criterion coincides with the ML criterion when the additive noise is white Gaussian [14] . One can avoid the computation of the SVD 3 of H by using a rake combiner followed by a noise whitening as follows 
1 Even in blind channel identification, it is assumed that either the channel phase is known or estimated by pilot symbols.
2 The complexity is approximated by O(p 6 ) arithmetical operations in the worst-case scenario [12] . However, recent results show that the efficient implementation of the sphere decoder allows for much less complexity (roughly cubic in p), especially at medium and large SNR's [13] . 3 The SVD is useful for blind channel estimation as shown in Section VII.
whereν is a white Gaussian noise. Then, one applies the sphere decoder algorithm on the real and imaginary parts ofȓ.
V. Generalization to Multiuser Systems
Now, we consider K users transmitting simultaneously and synchronously so that the user i uses the ST code expressed by (3) with the SS given by s (i−1)p+v , i = 1, . . . , K  and v = 1, . . . , p. All users use the same rotation matrix M p , and their information symbols are supposed to be independent and identically distributed. At each receiver antenna k = 1, . . . , m, the received signal is given by
where n = Kp, and a = [a 1 , . . . , a n ] T so that the user i transmits the information symbols
The n × n block diagonal matrix M has the matrix M p on the p× p principal diagonal blocks and zeros elsewhere, i.e., M = I p ⊗ M p , with ⊗ denoting the Kronecker product.
Comparing (10) and (5), one can represent the proposed multiuser ST-CDMA scheme as a single user with n = Kp transmit antennae with a transmission rate of n/N symbol/T c.
Proposition 2:
The proposed multiuser ST-CDMA scheme has a transmit diversity gain of p. Proof. This is a direct result when one represents the multiuser scheme by the single user ST code B(x) in (3) with S = [s 1 , . . . , s n ] and x = Ma.
2 One can also prove that the multiuser scheme has the same coding gain as that of the single user ST code (4) with the smallest determinant of the cross-correlation matrix. We have the additional property that the information symbols a are encoded by the matrix M separately by blocks of size p, which we exploit in order to simplify the decoding algorithm. Processing the received signal over m receive antennae as in subsection IV-D, yields r = HM a + ν where ν is an mn×1 complex Gaussian noise vector having the covariance matrix 2σ
, and H is an mn × n matrix given by
Since M is block diagonal, we can separate the different users; user i has its received symbols contained in r i = r (j−1)n+(i−1)p+v , v = 1, . . . , p, j = 1, . . . , m. 
Therefore, the sphere decoder algorithm can be applied separately on each user in order to detect the transmitted information by the K users.
Remark 1:
In most practical systems we have N p and N m, so that the computational cost can be approximated by O(N 2 n) + O(2Kp 6 ). This cost is dominated by O(N 2 n) which is the cost of computing the decorrelation matrix S # .
Remark 2:
When choosing the SS with minimum crosscorrelation, performing the sphere decoder without whitening the noise yields small degradation in performance. In that case the noise covariance matrix after decorrelating the received signal is equal to 2σ
2 S # S # T ≈ 2σ 2 I n when the SS are almost orthogonal. This is especially true when N n.
VI. Generalization to Multipath Fading Channels
For simplicity's sake, we only consider a single user system in this section and section VII. As shown in Section V, we can always represent a multiuser system by a single user system, where the information symbols are encoded separately by blocks of size p. When sending the ST code in (3) over a multipath fading channel of L paths, with L N , the inter-symbol interference (ISI) is neglected [17] . Therefore, the received signal at the k-th receiver antenna can be approximated as
where ν k is an N × 1 AWGN with variance σ 2 per dimension, andH k is an Lp × p matrix which represents the channel fading coefficients at the k-th receiver 
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The modified SS matrix is
Processing the received signal over m receiver antennae yields
This matrix inversion results in a small performance loss when compared to ML decoding performance, which depends on the conditioning ofÃ. The noise term ν is now a colored Gaussian noise with a covariance matrix Σ = σ
2Ã #Ã#
H
. Under this assumption, the ML criterion for estimating a leads to [18] 
This is equivalent to first whitening the observation using the inverse square root matrix of Σ, r = Σ −1/2 r , then
Since we apply the sphere decoder algorithm on real-valued vectors, we perform the whitening separately on the real and imaginary parts of r as follows:
where
−1 , such that cov(·) denotes the covariance matrix.
We note that the space-time codes (3) used in a multiuser and multipath scenario do not explicitly take into account the diversity that can be obtained by exploiting the presence of multipath environment since we suppose that the channel state information (CSI) is not available at the transmitter. However, as is proved in [4] , the achieved diversity in a multipath environment is at least equal to the achieved diversity without multipath. The additional gain in diversity in the presence of multipath that can be obtained in our scheme is merely due to the sphere decoder which exploits all the degrees of freedom offered by the channel (see Figs. 6, 10, and 12 in Section VIII).
VII. Blind Channel Estimation
In previous sections we supposed that the CSI is known at the receiver. Here we propose a blind channel identification scheme to estimate the channel parameters. Blind channel identification is based on exploiting the orthogonality between noise and signal subspaces U n and U s respectively. U n and U s are computed from the covariance matrix of r in (17) as follows:
VIII. Simulation Results
In the simulations we use normalized constellations with an average energy per symbolĒ s = 1. The channel matrix is fixed over N chip periods modeled as in Section II (i.e., the channel coefficients are spatially uncorrelated, and they changes randomly after each N chip periods). The received signal is corrupted by a complex AWGN process. The plotted curves show the error probabilities versus the average SNR's per bit per receive antenna, E b /N 0 , measured in dB. We have chosen the Gold SS of length N = 7 and 31 normalized such that s T j s j = 1 [15] . Under these assumptions, the noise variance per dimension is adjusted by the formula:
, where η = p log 2 #C is the number of bits transmitted per channel use, with #C the size of the constellation used. Fig. 1 shows the performance of the ST single user codes for p = 2, 3, 4, and 6 transmit antennae and one receiver antenna using a 4-QAM constellation. The used SS have a length of N = 7 and the data rate is 2p N bits/T c . For comparison, we also present the performance of the uncoded 4-QAM over a Rayleigh fading channel. It is shown that even though the spectral efficiency increases when increasing p, an improvement in performance is also achieved since the diversity gain increases with p. For example, at the symbol error probability of 10 −4 , the ST code with 6 transmit antennae has a gain of 6 dB over the ST code with 2 transmit antennae. Moreover, the spectral efficiency of the former ST code is 3 times more than the latter with no bandwidth increase. However, the ML decoding complexity increases with p. Fig. 2 shows the performance of the same scheme as in Fig. 1 but when using Gold SS of length N = 31. It is shown that the coding and the diversity gain are almost unchanged when increasing N . Fig. 3 shows the performance of a ST-CDMA scheme for K = 1, 2, 3, p = 2, N = 7, and m = 1 receiver antenna. We note that the proposed detector based on decorrelation and the sphere decoder of each user achieves near-optimum performance. It is shown, for example, that the 3-user system has almost 1 dB loss compared to the single user system. Fig. 4 presents the performance of a 15-user ST-CDMA scheme with p = 2, N = 31 and m = 1 receiver antenna. The total data rate is 60 31 bits/T c , and the degradation of the error probability compared to that of the single user is about 1.5 dB.
In Fig. 5 , we compare a CDMA system using a 16-QAM constellation without transmit diversity with two other ST coded systems using transmit diversity. The same data rate ( 4 31 bits/T c ) is kept for all the three systems. One system has two transmit antennae (p = 2) using a 4-QAM constellation, the other has four transmit antennae (p = 4) using a BPSK modulation. We consider a single user with Gold SS of length N = 31 and one receiver antenna. It is shown that a significant gain in terms of bit error rate is obtained using transmit diversity at the same data rate. The channel between each transmitter antenna and the receiver antenna is modeled by L independent fading coefficients. Different paths from different antennae are assumed to arrive with the same set of delays (see Section VI). Since L N , the ISI can be neglected. Note that a significant performance gain is obtained in this multipath context when increasing the number of paths L.
Figs. 7 and 8 illustrate the performance of a single user system working at the data rate The curves denoted by a dash-dot line present the system performance when different spreading sequences are assigned to different transmitter antennae without coding (i.e., that is equivalent to choosing M p = I p ). The curves denoted by a square show the system performance when using an optimal rotation matrix M p in conjunction with different spreading sequences. It is shown that a significant gain is obtained when using an optimal rotation matrix M p in both single path and multipath context.
Figs. 9 and 10 show the performance of a single user system with p = 1, 2 transmitter antennae and m = 1, 2 receiver antennae for L = 1 and L = 3 respectively. In both figures we use a 4-QAM constellation. It is shown in Fig. 9 , that for a symbol error probability of 10 −2 in a system using two transmitter antennae, a gain of 5 dB is achieved over an uncoded system using one transmitter antenna. This gain is reduced to 1 dB in the multipath case (L = 3) as shown in Fig. 10 .
In Fig. 11 , we compare two systems with two receiver antennae with the same data rate of 4 31 bits/T c when using Gold SS of length N = 31. The first system uses a 16-QAM constellation without transmit diversity, whereas the second system uses a 4-QAM constellation over two transmit antennae. A gain of almost 6 dB is obtained for the second system at a bit error rate of 10 −3 .
Finally, Fig. 12 shows the performance of the proposed blind channel estimation method in the presence of multipath. Under quasi-static fading assumptions, the channel coefficients are fixed over 100 symbol periods, then are changed randomly. We consider a single user system with Gold SS of length N = 31, p = 2 transmitter antennae, m = 1 receiver antenna, L = 3 paths per antenna, and a 4-QAM constellation. Due to channel estimation errors we note a performance loss when compared to perfect CSI. The performance loss (especially for high SNR) is quite significant and might result in losing the gain of ST code diversity. 
IX. Conclusion
In this paper, we have studied ST-CDMA multiuser systems, where we have introduced and analyzed a new method of exploiting the transmit diversity by the combination of spreading sequences and algebraic constellations. We have shown that a linear decorrelator followed by sphere decoding each user separately yields near-optimum performance thanks to the good cross-correlations properties of the spreading sequences used. This also helps us to maintain a good coding gain for the proposed ST codes over multipath fading channels, where the sphere decoder profits from the additional diversity advantage in the presence of multipath. Under quasi-static fading assumptions, we have examined a method of blind channel estimation based on the orthogonality between signal and noise subspaces.
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